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Theorem
Function y(x) defined, implicitely by:∫ y
y0
dz
b(z)
=
∫ x
x0
a(s) ds (R)
is the unique solution to (S)
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Theorem
Function y(x) defined, implicitely by:∫ y
y0
dz
b(z)
=
∫ x
x0
a(s) ds (R)
is the unique solution to (S)
Proof. Recalling that b(y0) = b(y(x0)) 6= 0 there exists a neighbor-
hood Ia of x0 such that x ∈ Ia =⇒ b(y(x)) 6= 0. Then if y(x) solves
(??) we can write
y′(x)
b(y(x))
= a(x). (Sb)
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Integrating (Sb) from x0 and x we obtain:∫ x
x0
y′(s)
b(y(s))
ds =
∫ x
x0
a(s) ds. (Sc)
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Integrating (Sb) from x0 and x we obtain:∫ x
x0
y′(s)
b(y(s))
ds =
∫ x
x0
a(s) ds. (Sc)
Now change variable putting u = y(s) so from du = y′(s) ds we find out:∫ y
y0
y′(s)
b(u)
du
y′(s)
=
∫ x
x0
a(s) ds,
giving thesis (R)
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Proof is not complete: we have to show that solution defined by (R) is the unique
solution to (S)
Suppose y1(x) and y2(x) solutions of (S). Define
B(y) :=
∫ y
y0
dz
b(z)
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Proof is not complete: we have to show that solution defined by (R) is the unique
solution to (S)
Suppose y1(x) and y2(x) solutions of (S). Define
B(y) :=
∫ y
y0
dz
b(z)
thus
d
dx
[B (y1(x))−B (y2(x))] = y
′
1(x)
b (y1(x))
− y
′
2(x)
b (y2(x))
=
a(x)b (y1(x))
b (y1(x))
− a(x)b (y2(x))
b (y2(x))
= 0.
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Proof is not complete: we have to show that solution defined by (R) is the unique
solution to (S)
Suppose y1(x) and y2(x) solutions of (S). Define
B(y) :=
∫ y
y0
dz
b(z)
thus
d
dx
[B (y1(x))−B (y2(x))] = y
′
1(x)
b (y1(x))
− y
′
2(x)
b (y2(x))
=
a(x)b (y1(x))
b (y1(x))
− a(x)b (y2(x))
b (y2(x))
= 0.
Notice that we used the fact that both y1(x) and y2(x) solve (S)
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But recalling that y1(x0) = y2(x0) = y0, there exists a neighborood N(x0) of x0
such that for each x ∈ N(x0):
B (y1(x))−B (y2(x)) = 0.
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But recalling that y1(x0) = y2(x0) = y0, there exists a neighborood N(x0) of x0
such that for each x ∈ N(x0):
B (y1(x))−B (y2(x)) = 0.
On the other side recalling the definition of B(y) we see that:
B (y1(x))−B (y2(x)) =
∫ y1(x)
y2(x)
1
b(t)
dt.
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But recalling that y1(x0) = y2(x0) = y0, there exists a neighborood N(x0) of x0
such that for each x ∈ N(x0):
B (y1(x))−B (y2(x)) = 0.
On the other side recalling the definition of B(y) we see that:
B (y1(x))−B (y2(x)) =
∫ y1(x)
y2(x)
1
b(t)
dt.
Now use the mean value theorem for integrals to infer that there exists yx between
y1(x) and y2(x) such that
B (y1(x))−B (y2(x)) = 1
b(yx)
(y1(x)− y2(x)) .
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But recalling that y1(x0) = y2(x0) = y0, there exists a neighborood N(x0) of x0
such that for each x ∈ N(x0):
B (y1(x))−B (y2(x)) = 0.
On the other side recalling the definition of B(y) we see that:
B (y1(x))−B (y2(x)) =
∫ y1(x)
y2(x)
1
b(t)
dt.
Now use the mean value theorem for integrals to infer that there exists yx between
y1(x) and y2(x) such that
B (y1(x))−B (y2(x)) = 1
b(yx)
(y1(x)− y2(x)) .
Thesis then follows from the assumption b(y) 6= 0, because it implies y1(x) = y2(x)
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Separable equation: Exampley′(x) = a(x) y(x)y(x0) = y0 (E1)
being a a continuous function.
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Separable equation: Exampley′(x) = a(x) y(x)y(x0) = y0 (E1)
being a a continuous function.
here b(y) = y so using (S)∫ y
y0
1
z
dz =
∫ x
x0
a(s) ds =⇒ ln y
y0
=
∫ x
x0
a(s) ds
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Separable equation: Exampley′(x) = a(x) y(x)y(x0) = y0 (E1)
being a a continuous function.
here b(y) = y so using (S)∫ y
y0
1
z
dz =
∫ x
x0
a(s) ds =⇒ ln y
y0
=
∫ x
x0
a(s) ds
y = y0 exp
(∫ x
x0
a(s) ds
)
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For instance if a(x) = −x
2
the initial value problemy
′(x) = −x
2
y(x)
y(0) = 1
(E1es)
ha solution
y(x) = e−
x2
4
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Example y′(x) = a(x) y2(x)y(x0) = y0 (E2)
being a a continuous function.
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Example y′(x) = a(x) y2(x)y(x0) = y0 (E2)
being a a continuous function.
here b(y) = y2 so using (S)∫ y
y0
1
z2
dz =
∫ x
x0
a(s) ds
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Example y′(x) = a(x) y2(x)y(x0) = y0 (E2)
being a a continuous function.
here b(y) = y2 so using (S)∫ y
y0
1
z2
dz =
∫ x
x0
a(s) ds
−1
y
+
1
y0
=
∫ x
x0
a(s) ds
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so that
y =
1
1
y0
−
∫ x
x0
a(s) ds
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so that
y =
1
1
y0
−
∫ x
x0
a(s) ds
For instance if a(x) = −2x the initial value problemy′(x) = −2x y2(x)y(0) = 1 (E2ap)
has solution
y =
1
1 + x2
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Exercise Solve the separable differential equation
y
′(x) =
1 + y2(x)
1 + x2
y(0) = 2
(e)
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Exercise Solve the separable differential equation
y
′(x) =
1 + y2(x)
1 + x2
y(0) = 2
(e)
Consider the more general problemy
′(x) =
1 + y2(x)
1 + x2
y(0) = a
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Exercise Solve the separable differential equation
y
′(x) =
1 + y2(x)
1 + x2
y(0) = 2
(e)
Consider the more general problemy
′(x) =
1 + y2(x)
1 + x2
y(0) = a∫ y
a
dz
1 + z2
=
∫ x
0
ds
1 + s2
=⇒ arctan y − arctan a = arctanx
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Thus
y = tan (arctan a+ arctanx)
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Thus
y = tan (arctan a+ arctanx)
But since
tan(α + β) =
tanα + tan β
1− tanα tan β
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Thus
y = tan (arctan a+ arctanx)
But since
tan(α + β) =
tanα + tan β
1− tanα tan β
we infer
y =
a+ x
1− ax
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Homogeneous Equations If f(αx, αy) = f(x, y), and x0, y0 ∈
R, x0 6= 0 such that f
(
1, y0x0
)
6= y0x0 using the change of variable
y(x) = xu(x) the differential equationy′(x) = f(x, y(x))y(x0) = y0
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Homogeneous Equations If f(αx, αy) = f(x, y), and x0, y0 ∈
R, x0 6= 0 such that f
(
1, y0x0
)
6= y0x0 using the change of variable
y(x) = xu(x) the differential equationy′(x) = f(x, y(x))y(x0) = y0
is transformed in . . .
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
u′(x) =
f(1, u(x))− u(x)
x
u(x0) =
y0
x0
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Example y
′ =
y2 − x2
2xy
y(1) = 1
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Example y
′ =
y2 − x2
2xy
y(1) = 1
f(x, y) =
y2 − x2
2xy
14/16 Pi?
22333ML232
Example y
′ =
y2 − x2
2xy
y(1) = 1
f(x, y) =
y2 − x2
2xy
=⇒ f(αx, αy) = α
2y2 − α2x2
2αxαy
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Example y
′ =
y2 − x2
2xy
y(1) = 1
f(x, y) =
y2 − x2
2xy
=⇒ f(αx, αy) = α
2y2 − α2x2
2αxαy
y(x) = xu(x) =⇒
u
′ = −1 + u
2
2xu
u(1) = 1
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Risolvere il problema ai valori iniziali per l’equazione omogeneay
′ =
y2 − x2
2xy
y(1) = 2
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∫ u
1
(
− 2v
1 + v2
)
dv =
∫ x
1
1
s
ds
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∫ u
1
(
− 2v
1 + v2
)
dv =
∫ x
1
1
s
ds[− ln(1 + v2)]u
1
= lnx
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∫ u
1
(
− 2v
1 + v2
)
dv =
∫ x
1
1
s
ds[− ln(1 + v2)]u
1
= lnx
ln 2− ln(1 + u2) = ln x
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∫ u
1
(
− 2v
1 + v2
)
dv =
∫ x
1
1
s
ds[− ln(1 + v2)]u
1
= lnx
ln 2− ln(1 + u2) = lnx =⇒ 2
x
= 1 + u2
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∫ u
1
(
− 2v
1 + v2
)
dv =
∫ x
1
1
s
ds[− ln(1 + v2)]u
1
= lnx
ln 2− ln(1 + u2) = lnx =⇒ 2
x
= 1 + u2
Then solution is
y(x) = x
√
2
x
− 1
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∫ u
1
(
− 2v
1 + v2
)
dv =
∫ x
1
1
s
ds[− ln(1 + v2)]u
1
= lnx
ln 2− ln(1 + u2) = lnx =⇒ 2
x
= 1 + u2
Then solution is
y(x) = x
√
2
x
− 1
Note that solution is defined for 0 < x ≤ 2 and lim
x→0
y(x) = 0
